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Jordan measurable sets in R?
Consider the set of bounded intervals I of the form
(a,b), [a,b), (a,b], [a,b], wherea,beR.

The cartesian product A = I, x I, is a rectangle in R2.
The area of such a rectangle A is defined by
area(A) = length(1;) - length(1).

Consider the set P of all finite reunions of rectangles A:
PeP iff. IALA . Ays tP=]A,
i=1

o IfPl,PgeP,thenPlngePandPl\PgeP.

@ Any P € P can be written as the union of disjoint rectangles
A, Ao A, (Al n Aj =0Qifs #* ])

U
=1
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Jordan measurable sets in R?

The areaofaset Pc Pis

area(P) = > area(A;), where P=|JA;and Ay, A,, ..., A, are disjoint.
-1 i=1

The area defined in this way satisfies:
@ area(P) > 0forany P € P.
e if P,,P, € Pand P, NP, =0, then
area(P, U Py) = area(Py) + area(P,).

@ area(P) is independent on the decomposition of the set P in a finite
union of disjoint rectangles.
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Jordan measurable sets in R?

For a bounded set A ¢ R?, we define

area;(A) = area(P d area.(A)= inf area(P
(4) i (P) an (A) pod (P)

A bounded set A C R? is called Jordan measurable if
area;(A) = area.(A).
The area of a Jordan measurable set A C R? is defined as
area(A) = area;(A) = area.(A)
@ If Ay, As are Jordan measurable, then so are A; U As and A; \ As.
o If Ay N Ay =0, then
area(A; U Ay) = area(A4;) + area(As).
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Riemann-Darboux integral of two variable functions

Consider a bounded and Jordan measurable set A C R2.

A partition P of A is a finite set of disjoint Jordan measurable subsets A;,
i = 1,n of A satisfying:

A=A
1

n

(2

The diameter of a set A; is

R IR, o i i
(I/7y/)7(1://7y//)6147;

The norm of the partition P is

v(P) = max{d(A1),d(Asz), - ,d(Ap)}.
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Darboux and Riemann sums

Let f : A — R! be a bounded function. Then f is bounded on each part A;
and has a least upper bound M; and a greatest lower bound m; on A;.

The upper Darboux sum of f with respect to the partition P is
Uy(P) = Xn:Mi -area(4;), where M; = sup{f(z,y)|(z,y) € A;}.
=1
The lower Darboux sum of f with respect to the partition P is
Ly(P)= zn:mi -area(4;), where m; =inf{f(z,y)]|(z,y) € 4;}.
=1
The Riemann sum of f with respect to the partition P is

op(P) =Y f(&.m:) - area(4;) where (&.7;) € A;.
i=1
The following inequalities hold
Ly(P) < op(P) < Us(P).
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Riemann-Darboux integral of two variable functions

Consider the numbers m and M such that m < f(x,y) < M for all (z,y) € A.
m-area(A) = m-y_area(4;) < Ly(P) < Uy(P) < M-)_area(4;) = M-area(A)
=1 i=1
Hence, the following sets are bounded:
Ly ={Ls(P)|P is apartition of A}
Ur ={U;(P)| P is apartition of A}

We can therefore consider £; = sup Ly and U, = i%f Uy.
P

If the function f is defined and bounded on A, then
Ef < Uy.
The function f is Riemann-Darboux integrable on A if

Lp=Uyp:= // f(z,y) dz dy
A

N—————
double integral of f on A
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Riemann-Darboux integral of a two-variable function
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Classes of Riemann-Darboux integrable functions

If fis continuous a Jordan measurable set A, then f is Riemann-Darboux
integrable on A.

A function f is called piecewise-continuous on A if there exists a partition
P=1{A,---,A,} of Aand continuous functions f;, i = 1,n defined on A4;
such that f(z) = f;(x) for x € Int(A;).

A piecewise-continuous function is Riemann-Darboux integrable and

K/f(%y)dxdy:é!/fi(x,y)dxdy.

EVA KASLIK Calculus - Lecture 11 10/23



Properties of the Riemann-Darboux integral

If f and g are Riemann-Darboux integrable on A, then all the integrals below
exist and the following hold:

// laf(z,y)+ By(z,y)] dedy = a// f(:c,y)dxdy—i—ﬁ//g(%y)dxdy, Vo, B € R}
A /s /
é/f(axy)d:zcdyZZ/f(av,y)dgcderZ2 f(x,y)dzdy where A{UA; = A, AjNAy = 0)

if f(z,y) <g(x,y)on A, then //f(x,y) drdy < //g(;z:,y) dz dy
A A

The mean value theorem:
If f: A— R'isintegrable on Aand m < f(z,y) < M for any (z,y) € A, then:

m -area(A) < //f(x,y) dxdy < M -area(A).
A
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Double integral on a rectangle

Theorem (Fubini’s Theorem)

Assume that A is a rectangle, A = [a,b] x [c,d] and f : A — Rl isa
continuous function. Then:

d

/ f(x,y>dxdy:/b (/df(m)dy) do— | (/bf(x,y)dx) dy
A a c a

(&

V.

— the computation of a double integral on a rectangular domain reduces to
the computation of two successive (or iterated) single-variable integrals.

Example. If A =0,2] x [1, 3] then

// x — 3y? da:dy*// (z — 3y° dyd:c*/(xy y)

/ (22 — 26)dx = (22 — 262)|

0

=3

dx
=1
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Double integral over general regions
Double integrals over general regions: type | regions

A region D C R? is said to be of type | if it lies between the graphs of two
continuous functions of z, that is:

D={(z,y) eR* : a<xz<b and gi(z) <y < go(a)}
where g1, g2 are continuous and g, (z) < go(x) for every z € [a, b].

y y y
Y= ¢a(x) Y= ga(x) ’ Y=¢s(x)
D
D | D | |
| | | | |
| | | | y=gi(x) |
| y=gi(x) | | y=aix) | | |
| | | | | |
0 a h X 0 a b X 0 a b x

For a continuous function f : D — R! we have:
i b g2(x)
[[rewyizay= [ [ fg)ay s
D

a gi()
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Double integrals Double integral over general regions

Example: double integral over a type | region

Considering the function f(z,y) = x + 2y defined on the type | region D
bounded by the parabolas y = 222 and y = 1 + 22, we can write:

D={(z,y) €eR? : -1 <z<land22?<y<1+2?}

/ (x4 2y)dxdy =

(z +2y)dy de =

z(1—2%) + (1+2%)° — (22%)%] dz =

1 2z —x° — 32%)dr = —
+ o+ 227 — 2% — 32")dx T
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Double integral over general regions
Double integrals over general regions: type |l regions

A region D C R? is said to be of type Il if it can be
expressed as:

D={(z,y) €R? : c<y<dand hi(y) <z < ha(y)}

where hq, hy are continuous and hi(y) < ho(y) for
every y € [c, d].

For a continuous function f : D — R! we have:

d h2(y)

//.f(;v,y) dx dy :/ / F(z,y) dz dy
D

¢ hi(y)
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Double integral over general regions
Example: double integral over a type Il region
Find the volume of the solid that lies under the paraboloid z = 22 + y? and
above the region D in the xy-plane bounded by the line y = 2z and the
parabola y = z2.

D={(z,y) €R?® : 0<x<2andz? <y <2z} or

1
D={(xy) €R* : 0<y<dand oy <z <y}

y
4T (2,4)
2
y=x = 1 y
L7777 2
117 177777
217777 LT ) —
S x=\y
—_—
D
y
0 X

EVA KASLIK Calculus - Lecture 11 16/23



Double integral over general regions
Example: double integral over a type Il region

Find the volume of the solid that lies under the paraboloid » = 22 + y? and
above the region D in the zy-plane bounded by the line y = 22 and the
parabola y = z2.

We chose to express the region D as a type Il region:
1
D={(zy) €R* : 0<y<dand Jy <z <y}

The volume can be computed as

//fxydxdy—//T + 92 dxdy—//m +y?)da dy =

0 y/2
r 2 3
/ ( 3/ y5/2 3 ) dy = 216
0
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Change of variables in double integrals

Theorem

If A, B C R? are Jordan measurable sets, T : B — A is a bijection such that T
and T—! have continuous partial derivatives and f : A — R! is an integrable
function, then the following equality holds:

oz Oz
// f(x,y) de dy = // f(w(f,m,y(m))’ o | dedy
A B

¢ On

In the above theorem, the changes of variables are:

{:va(é‘,n)

y=y(n)
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Double integrals in polar coordinates

The polar coordinates (r,6) of a point P of
the R? plane are related to the rectangular

P(r,0) =P(x,y)
(cartesian) coordinates (z,y) as:

,
x = 1rcost y
. , 7 >0, 60¢€]0,2n]
y = rsinf
’\0
Examples: 0 x x
y Y
X+yr=1 X+y’=4
R R
0 X
\
0 Y +yi=1 !

@R={r,0)|0sr<1,0s6<27} OR={r0)|1<r<2,0<6<m}
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Double integrals in polar coordinates

Change of variables to polar coordinates in a double integral:

With the change of variables

= 0
{x TC.OS 9 (T,G)GR
y=rsinf

we can compute:

é/f(xvy)dzdy4/f(rcos0,rsin0) rdr db

where D is the region for cartesian coordinates and R is the corresponding
region for the polar coordinates.

’ _
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Double integrals in polar coordinates: example

Find the volume of the solid bounded by the plane z = 0 and the paraboloid
2 2

z=1—a"—y-.

Intersection of paraboloid with zy-plane:
2 + y2 = 1.

The solid lies above the disk:

D={(a,y) €B? : 2? + 7 <1}

Region in polar coordinates - rectangle:

X

R={(r,0):r€]0,1], 6 € [0, 27|}

//fxydxdy_// (1—2% —y? dxdy—// (1 —rHrdr d =
:/02”/0 (r—r?’)drdﬁz/:ﬂ(;—%)
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Applications of double integrals

@ computing volumes: V = // f(z,y)dady
D

@ density and mass: the mass of a lamina occupying the region D and
having density function p(x,y) is

m=//Dp(af7y)dxdy

@ center of mass: the coordinates (z, i) of the center of mass of a lamina
occupying the region D and having density function p(z,y) are

1 1
T = *// zp(z,y)dady — y= *// yp(z,y)dzdy
mJJp mJJp
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Applications of double integrals

@ computing surface areas: the area of the surface with equation
z = f(z,y), (z,y) € D, where f, and f, are continuous is:

- [[ Vi e ne e ay

Example: Find the area of the part of the paraboloid z = 2 + y? that lies
under the plane z = 9.

D= {(z,y) € R?*: 2?+y* <9} — R =0,3]x]0,2n] for polar coordinates

/ V(2z)2 )24+ 1dady=
:// VA2 +y?) + 1dx dy
D

:// VAt + 1. dr df =

12
- 27r§§(47’ F1e| (37\/ -1)
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